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New Syllabus
Full Marks : 80
(Riemann Integration and Metric Spaces)
1. Answer the following as directed : _
1x10=10

(a) Define the discrete metric d on a non-
empty set X.

Contd.



(b) Let F, and F, be two subsets of a metric

(c)

space (X, d). Then

() RUR=-ENF

() RUF,=F UF,

(i) RNE=FKRNFE,

(W) RNE,=FUF,
(Choose the correct option)

Let (X, d ) be a metric space and A c X.
Then

() IntA is the largest open set
contained in A.

() IntA is the largest open -set
containing A. '

(i) IntA is the intersection of all open
Sets contained in A.

(iv) IntA=A

(Choose the correct option) -
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@)

(e)

()
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Let {X,d) be a disconnected metric

space. -

We have the statements :

I There exists two non-empty disjoint
subsets A and B, both open in X,
such that X =AUB.

_ II. There exists two non-empty disjoint

subsets A and B, both closed in X,
such that X=AUB.
(i) Only Iis true
(ii) Only I is-true
(iii) Both I and I are true
(iv) None of I and I is true
(Choose the correct option)

Find the limit points of the set of
rational numbers Q in the usual metric

Ry
In a metric space, the intersection of
infinite number of open sets need not
be open. Justify it with an example.

Define a mapping f: X - Y, so that

the metric spaces X=[0,1] and
Y =[0,2] with usual absolute value
metric are homeomorphic.

Contd.



(h) Define Riemann sum of ffor the tagged
partition (P, t). .

() State the first fundamental theorem of
calculus.

() Examine the existence of improper
Riemann integral

I

dx
1-|_-x2

2. Answer the following questions : 2x5=10

(@) Prove that in a metric space (X,d)
every open ball is an open set. -

(b) Prove that the function f:[0,1]>R
defined by f(x)= x? :

1 _ is an uniformly
continuous mapping.

(c) Let d; and d, be two matrices on a

non-empty set X. Prove that they are

S

1
'-Edg(x,y) = dl(x,y)SKd2(X,y)
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(d)

If m is a positive integer,
prove that |-m+1= m!

Let f(x)=x o.n [0,1].

~ Let P:{xl:i, i=0,....4}

Find L(f,P) and U (f,P).

Answer the following questions (any four):

(@)

(b)

-

5x4=20

Let (X, d) be metric space and F be a
subset of X. Prove the Fis closed in X
if and only if F¢ is open.

Define diameter of a non-empty
bounded subset of a metric space
(x,d). f Ais a subset of a metric.
space (X,d), then prove that
d(a)=d(4)-
- 1+4=5
Let (X,d) be a metric space. Then
prove that the following statements are
equivalent : : _
() (X,d) is disconnected.
(i) There exists two non-empty
disjoint subsets A and B, both
open in X, such that X=AUB.
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(d) Let f,g9:[a,b]>R bpe integrable

functions. Then prove that f+g is
integrable and

jj(f"‘g)(xjdx=fjf(x)dx+I:g(x)d;E

(e) Discuss the convergence of the integral

I |
L -x—p dx for various values of p.

() Consider f:[0,1]>R defined by

f(x)=x%. Prove that fis integrable.

Answer the following questions :

@ (1)

10x4=40
Let X be the set of all bounded
sequences of numbers {x;},.,

such that sup|x; | < .
i

For x={x;};.; and Y={y;}is1 in
X define d(x, y)=sup|x, - y,|
i

Prove that d is_ a metric on X

5
(i) Prove that a convergent sequence

I a metric space is a Cauchy
sequence. Is the converse, true ?.
Justify with an example. 4+1=5
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(@) (i)
(@

®) (i)
(@)
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Or-

Show that d(x,y)=+|x-y|

defines a metric on the set of realsa;

Show that the metric space
X =R" with the metric given by

dp(x:y)=(2|ximyi‘9)};, p>1

- where x=(x1, Knlesrans xn) and

.y =t Yp- Yn) are in R" is

a complete metric space. 6

Let (X,dy) -and (Y,dy) be two
metric spaces and f: X >Y.If f

is continuous on X, prove the
following : 3+3=6

i) Fi(B) c f-l(g) for all
subsets of B of Y

@) f(A.)c f(A) for all subsets
Aof X ;
Let (X,dyx) and (Y, dy) be two

metric spaces and f:X —>Y be
uniformly continuous. Prove that

if 1 %n }nzl is a Cauchy sequence

in X, then {f (xn)}n;: ; is a Cauchy
sequence in Y. 4

Contd.



Or

(b) Define fixed point of a mapping

(©

()

T:X—>X. Let

T X—> X Dbe a

contraction of the complete metric
space (X,d). Prove that T has a

unique fixed point.

@)

(@)

()

connected metric spa

2+8=10

Prove that if the metric sp_acé

(X, d) is disconnected, then there
exists a continuous mapping of

(X,d) onto the discrete two
element space (X,, d, ). 5

Let (X, d) be a metric space and

A%, BO are interiors of the subsets
A and B respectively. Prove that

(ANB)° = A°N BO;

(AUB)® o A°U B°. S5

Or

When is'a non-empty subset Y of
a metric space (X, d) said to be
Ssinected i Les (X id, ) be .

ce and
fi(_X, dyx ) > (Y, dy ) be &
continuous mapping. Prove that

the space f(X) with the metric
induced from Y ig connected. 5
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(i)

@ ()
(%)
(@ ()

Let (X, d) be a metric space and

Y c X . If X is separable then prove
that Y with the induced metric is
also separable. 5

If fis Riemann integrable on [a, b]
then prove that it is bounded on
[a, b]. 5:

When is an improper Riemann
integral said to exist? _
Show that the improper integral

of f(x)=|x| 72 exists on [-1,1]
and its value is 4. 1+4=5

Or

Let f:[a,b]>R be integrable.
Then prove that the indefinite

integral F (x)= _[: ft)dt is

continuous on [a, b].

Further prove that if f 1is
continuous at x € [a, b], then F

is differentiable at x and
F'(x)= f(x)- 3+3=6
(i) Evaluate |
_ AT+2+ tdn 2 .
il e 3
Contd.
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Old Syllabus

Full Marks : 60

(Complex Analysis)

1. Answer the following as directed : 1x7=7

(@) Any complex number z — (¢, y) can be

(b)

(c) The value of lim 2z 47 .

* written as

M 2=(0,x)+(1,0)(0, y)
(i) z=(x,0)+(0,1)(y,0)
(iii) z"=(x,0)+(0,1)(0,y)
(iv) z:(O,x)ﬂ;(l,O)(y,O)
(Choose the correct option)

Write the function f(z)
the form f(z)

=Z2+z+1 n
=u(xa y)‘{"iv(x,y).

15
Zo5wm z+l

()
i) 0
(i) 2
(iv] i
(Choose the correct opﬁ'on}

3 (Sem-6/CBCS) MAT HC 1(¥/0)/G 10

(@)

(e)

(g)

Determine the singular points of the
function

z2+1
(z+2)(zz+22+2)

fl2)=

Define an analytic function of the
complex variable z.

gi(2n+1)7 s equal to

ks

i@ -1

(iii) O

(iv) 2 '
(Choose the correct option)

Log(-1) is equal to

SR 7y
M 3t |
i) i

T ..
(i) ~5°
(iv) —=i

(Choose the correct option)

itd.
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2. Answer the following questions -

3.

2
. (@) Show that [im L2

= o0
Z—w z_l ,

(b) If f(Z):ex.-ely

— < 5

show that f'(z)=e*cosy +ie* siny.

(¢) Show that J'f(z)dzzo when the
G

contour C is the unit circle [z|=1 in

either direction and f(2)= 22
z-3

(d) Show that the sequence Z =-£—+i
3
n

(n=1,23,..) converges to j.

Answer any three questions from the

following :
Sx3=15
(@ 1If z; and z, are complex numbers thep
show that

cos (z; + z, )= COSZ{COSZQ e
L 2
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2x4=8
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(b) Suppose a function f(z) be analytic

throughout a given domain D. If | f (2)|
is constant throughout D, then prove

that f(z) is constant in D.

(c) Show that the derivative of the real -
valued function f (z)=|z|* exists only
at z=0.

(d) If a function f is ana_lytic at a_given
point, then prove that its derivatives of

all orders are analytic there too.

(e) State- Cauchy integral formula. Apply
z

ittoﬁnd'[—f(—zldz where f(z)= —
& Z+l 9-z

and C is the positively oriented . circle

|z|=2.

Answer either (a) and (b) or (c) of the
following questions : 10

gy 12
(@ (i) Show that‘lf f‘(z)=3 in the open
~ disk |z|<1, then
i
: Sy
gggf() 5

Contd.



(b)

(©

(ii) Show that the function

g f(z) =e Ysinx-ie Ycosx is
entire. _ : 3

If a function f(z) is continuous and
nonzero at a point 2, then prove

that f(z)=0 throughout some
neighbourhood of that point.- 4

Or

Let the function

F@)=u(x y)+iv (x
) ,Y) be defi
throughout some ¢ neighbourl'iggg of

a point z, = x, +i
that S0z sndisunpose

(i) the first order i
partial Ivati
of the functions g ar?gnza:;r":fl‘sl

respect to x and o
in the neighbough;gzt everywhere

() those partia] derivatives a
re

U, = i
< Lt = SUat (xo,yo).

Prove that " (2) exists and

ff(zﬂ) =U, + ivx where

side is to be evaluateq the right hand

et (‘x()’ Yo )
10
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Answer either (a) and (b) or (c) and (d) of
the following questions : 10

(a) Find the value of f Z dz where Cis the
@

; V1 z
right-hand half z = 2e'? [——i <@< 5]

of the circle ]z|=2 from z=-2i to
z=2i. 5
(b) Let C be the arc of the circle |z|=2

from z=2 to z=2i that lies in the

ist quadrant. Show that

I z+4 ol 6_7: 4
Or
(c) State Liouville’s theqrem. 1

(d) Prove that any polynomial
p(z)=ag raz+ayz’ + o+ Oy zui(a =0)
of degree n(n=1) has at least one
Zero. 9

Contd.



6. Answer either (a) and (b) or (c) and (d) of
the following questions : 10

‘(@) Suppose that

Z, =X, +1Y, (n=1,2,3...) and
S=X+iY . Prove that

2.%. =5 if and only if
n=1

ZJCR=IX and Zyn=y- S
n=1 n=1 .
(b) Find the Maclaurin series for the entire
function f(z)=sinz. 5
Or

(c) Define absolutely convergent series.
Prove that the absolute convergence of
a series of complex numbers implies
the convergence of the series. 1+3=4

(d) Find the Maclaurin series for the entire
function f(z) = cosz . 6
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